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SUMMARY 
In this investigation, a general method is developed which will 
synthesize a two-port rietwprk when all three short-circuit admittance 
functions, y ., y10>
 anc' Yoo> which are realizable by using posi-
J- J- A £& <i V 
tive resistors, capacitors, and negative resistors, sre.prescribed, 
The twoport is a three-terminal network* Networks containing positive 
resistors, capacitors, and negative resistors are referred to as 
±R,C networks. 
The method of synthesis involves the development of a separate 
component network for each type of pole that is realizable by a =tR,C 
network,, The short-circuit admittance functions are then .realized by 
the parallel, conn feet ion of the rehired- comj^hent networks? The par-
allel connection has the advantage that some of the negative resistors 
appearing in the different component net;works may be in parallel in 
the final connection, and thus the number of required negative resis-
tors is reducecU All negative resistors are placed across either the 
input or the output terminals or the top terminals of the.component 
networks whenever possible,. It is shown that all the required nega-
tive resistors cannot be placed in these positions for every type of 
pole* Further, it is shown that the number of negative resistors re-
quired to synthesize a compact set of admittance functions is equal 
to the number of poles not on the finite negative real axis plus at 
most three. The synthesis technique will synthesize any set of short-
circuit admittance functions that are realizable by ±R,C networks0 
IX 
The basic synthesis technique developed will not necessarily re-
quire a minimum number of negative resistorso Under certain conditions, 
the combination of two poles is realizable without the use of negative 
resistors, or with the use of fewer negative resistors than the separate 
synthesis of the poles requireso All possible pole combinations are in-
vestigated. The conditions are determined for which the synthesis of 
the combinations of poles requires fewer negative resistors than the sep-
arate synthesis of the poles,. 
The use of transformers to reduce the number of required negative 
resistors is also investigated*, It is found that, in general, there is 
a saving of one negative resistor if one transformer is used, as compared 
to the case that no transformer is used, Furthermore, in general, there 
is a saving of two negative resistors if the number of transformers used 
is not limited, as compared to the case that no transformer is used,, 
However, for one special case, four negative resistors may be saved by 
the unlimited use of transformers* In general, the number of transform-
ers required by this method is one plus the number of poles in the ad-
mittance functions, 
Stability criteria for ±R,C two-port networks are developed in 
terms of the pole-zero locations of the short-circuit admittance func-
tions for certain specified source admittances and load admittances,. 
The source and ldad admittances considered are purely conductive admit-
tances, zero admittances, and infinite admittances* It is found that 
in some cases, y.. and y may have one or two zeros and/or one or 
two poles on the positive real axis with the resulting network stablen 
X 
The most lenient requirements for y.̂  and y22 occur for the case 
that both the source admittance and the load admittance are finite con-
ductances. For this case, y and y • may have two zeros and two 
compact poles on the positive real axis with the resulting network 
stable. 
The necessary and sufficient conditions for three different 
voltage transfer functions to be realizable by a stable ±R,C network 
are-derived. The transfer functions are the voltage transfer function: 
for the open-circuited network, the voltage transfer function for the 
singly-terminated network, and the voltage transfer function for the 
dpuble-loaded network* The necessary and sufficient conditions were 
found to be identical for these three transfer functionso These condi-
tions are: 
1, The coefficients in the numerator polynomial are realo 
2, The zeros of the denominator polynomial occur only on 
the negative real axis* 
3, The degree pf .thej numerator polynomial is not more than 
one greater than,that of the denominator polynomial. 
The synthesis technique is applied to the realization of these 
transfer functions. The realization of the voltage transfer functions 
for either the open-circuited network or the singly-loaded network 
usually requires two negative resistors. Procedures are developed by 
which the number of negative resistors required for the realization of 
either of these transfer functions can sometimes be reduced to less 
than two, 
XI 
The realization of the voltage transfer function for the double-
loaded network requires at most three negative resistors when the degree 
of the numerator is less than or equal to the degree of the denominator 
of the transfer function,, A maximum of five negative resistors is re-
quired if the degree of the numerator is one greater than the degree of 
the denominator. Conditions are derived such that the number of negative 
resistors required can be determined from the values of the source and 
the load resistances and from the degree of the numerator as compared to 
the degree of the denominator„ 
Numerical examples are included to illustrate all results given,, 
CHAPTER I 
INTRODUCTION 
Recent developments in certain fields of electrical engineering, 
notably in semiconductors, low-temperature devices, and feedback ampli-
fiers, have led to an interest in the synthesis of active networks. 
Active network synthesis refers to the synthesis of a class of networks 
that are lumped, linear, and finite, but not passive and not neces-
sarily bilateral. Many active network synthesis techniques (l) have 
been developed using controlled sources.,'negative impedance converters, 
gyrators, and negative• resistors., Most of the synthesis procedures 
using controlled sources, negative impedance converters, and gyrators 
apply to active RC networks. In these procedures, positive resistors 
and capacitors are used in conjunction with one of the types of active 
elements mentioned,, 
Some work has been done in the active synthesis field using nega-
tive resistors as active elementso Carlin and Youla (2) considered the 
use of negative resistors with the lumped passive elements (RLC) and de-
rived the realizability conditions of a real rational n x n immittance 
matrix,, Youla and Smilen (3) developed a synthesis method for the real-
ization of single-stage broadband negative-resistance amplifiers using 
tunnel diodes<, Sard (4) made an analysis of certain connections of 
negative-resistance amplifiers operated with lumped-constant filters to 
give an overall maximally flat amplitude response* Kawakami, Yanagisawa, 
2 
and Shibayama (5) developed a design procedure for highly selective 
bandpass filters that use negative resistors* Kinariwala (6) devel-
oped the realizability conditions for a network consisting of a tunnel 
diode which is embedded in an otherwise lossless and reciprocal net-
works Weinberg (?) developed synthesis techniques for realizing pre-
scribed frequency characteristics by amplifier networks that contain 
tunnel diodes or misers, with some of the techniques based on uniform 
and nonuniform reverse predistortiona 
All of these synthesis techniques use inductances in addition to 
positive resistors, capacitors, and negative resistors.. The problem of 
networks containing negative resistors, positive resistors, and capaci-
tors (this class of networks will be referred to as ±R.,C networks) 
has been investigated only sporadically,, Kinariwala (8) and Bello (9) 
independently derived the necessary and sufficient conditions for the 
existence of ±R,C networks* Su (10) used negative resistors with RC 
networks in a technique for developing any desired RC driving-point im-
mittance to produce right-fralfplane transmission zeros. 
Allied to the synthesis techniques of ±R,C networks are the 
synthesis techniques of RG networks.. Lucal (ll) investigated the prob-
lem of the realization of RC short-circuit admittance functions that 
are not symmetric He was not able to rigorously establish the neces-
sary and sufficient cqnditiqns fqr realizabilityo However, he was able 
to develop a synthesis technique with which a majority of functions that 
meet certain specified conditions can be synthesized„ 
3 
The ±R,C functions offer properties not possessed by RC func-
tions., As was shown by Su (, 10) , negative resistors used in conjunction 
with RC networks can produce transmission zeros in the right halfplane0 
Also, the constant multiplier of yio can be specified beforehand.. In 
i 
fact, there is no bound oh this constant,,.. And there are fewer restric-
tions on the specifications of y±j and y „ . .Unpler certain conditions, 
y" and y can have two zeros and two poles on the positive real 
axis, and the network still may be stable,, 
The purpose of this investigation is the development of a general 
synthesis technique for two-port networks when all three short-circuit 
admittance functions, y, . y, > and y , which are realizable by 
1 xx' J12 J22 
using positive resistors, capacitors^ and negative; resistors, are pre-
scribedg Stability criteria are investigated for this class of networks„ 
The application of the synthesis technique to various transfer functions 
is also investigated,. 
CHAPTER II 
GENERAL SYNTHESIS TECHNIQUE 
The necessary and sufficient conditions for the physical real-
izability of ±R,C networks were derived independently by Kinariwala (.8) 
and Bello (9). These conditions were stated by Kinariwala in the fol-
lowing theorem: 
Necessary and sufficient conditions for the physical realizabil-
ity of ±R,C n-ports are that the elements of the open-circuit im-
pedance matrices have poles'that are simple and are restricted to 
the real axis in the complex frequency plane. The matrices of the 
residues in all of the finite poles must be positive semidefinite, 
and those in the poles at infinity must be negative semidefiniten 
In terms of the short-circuit admittance functions of a two-port network, 
the theorem states that these functions can be expressed as 
klio n k n i s 
111 3ll 11P° s IJ S + s. 
M u a. k l 2 ° x v kiaiS ,,, 
*ia = 9 is + k « ~ s + " ~ +LTT-Si )̂ 
k k . Q 
*220 r r ^ 2 2 1 b 
y s s = 92 S
 + k
S2~
s + T" +L7T1. 
and t h a t t he necessary and s u f f i c i e n t cond i t ions for t he se condi t ions 
to be r e a l i z a b l e by a ±R,C network a r e : 
a. All f i n i t e poles must f a l l on the r e a l a x i s . 
bo The r e s idues of y n / s and y 2 2 / s in a l l poles on the 
5 
negative real axis are positive and real, the residues of Y^/ 6 an^ 
y /s in all poles on the positive real axis are negative and real, 
and the residues of y1c/s in all poles are real« 
12 
k „ and k . are real and ndnnegative, and k 
l loo 2203 r Ho 
and 
k are real and nonpositive. 
220 r 
d„ In all poles, k^ k2s - k
2^ > 0, 
e° 9il'' 912 J a n d 922 a r e r e a l° 
The short-circuit admittance functions are defined with the two-
port currents having the directions shown in Figure !• 
- R 
A A A . 
v /V 
I ^ 1 O 
i > 
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Figure 1. Desirable Locations for Negative Resistors 
The method of synthesis devised in this investigation is a parallel 
ladder development* A network is developed that will realize >ach type-
of pole. Consider a typical pole, and let s- be positive» 
Y l l : 
" l i i J 
s + s 
v : 
' 1 2 
k 1 2 i S 
s + s 
k s s i s 
22 S + S 
6 
Lucal (ll) has shown that this set of admittance functions cannot be 
realized by a three-terminal RC network unless 
k . < 0 , 
121 — . J 
b . k • > I k I » k > Ik 
H i - IK12V$ 2 2 1 - | K 1 2 i 
For the case of a compact pole (k1JL$ k22^ - k|g^ = 0, ^i2i ^ ^) > 
where k^. •£ |k<„.|, the pole cannot be realized as an RC three-ter-
lli ' ' I2i 
minal network,, However, as is shown in the next section> this pole can 
be realized as a ±R,C network using one negative resistor,, 
Since the networks realizing the poles are to be connected in 
parallel, it would be desirable to have the negative resistors in the 
networks located such that as many of these negative resistors as pos-
sible are in parallel and can be combined. If the negative resistors 
are located in any of the three locations shown in Figure 1, the possi-
bility of parallel connections exists„ 
The component networks will be given in the order that the func-
tions appear in (l)» Consider first the conductance terms,, 
y ~ q 
rll yll 
hS == 913 (2) 
^22 "" 922 
These functions are realizable by the network shown in Figure 2« It 
is possible for all the resistors to Be negative for a given set of 
7 
J 




'12 + g 22 
O 
ohms 
Figure 2„ Network for Realizing Conductance Terms 
admittanceso All of the resistors that may be negative are in the desir-
able locations,. 
Consider next the pole at infinity,, 
y n := k n s 
Via = k i 2 s 
y-22 := R 2 2 S 
(3) 
If the pole is compact, it can be realized by the network of Figure 3» 
If the pole is not compact, sufficient admittance should be subtracted 
from either y . or y22 to make the pole compact„ The subtracted ad-
mittance can be realized by a capacitor in parallel with either the input 
or the output of the network of Figure 3» The value of R in Figure 3 
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Figure 3„ Network for Realizing the Pole at Infinity 
across the input negative. Also, one of the other three resistors will 
be negative with the rest -positive. Thus, one negative resistor will be 
internal to the network, and cannot be combined with other negative re-
sistorso If R is chosen positive, two negative resistors will be in-
ternal to the network* Negative resistors which are not .in the desirable 
locations shown in Figure 1 will be referred to an "internal negative 
resistorso" 









The compact pole can be realized by either the network of Figure 4a or 
that of Figure 4b» Two different networks are used because, under certain 
9 
R < k . l 8
+ - k M > 
:i2 
o-
k 1 2 
AAA. -
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- Ui i+ki , ) -
k n + k i 2 < k n + k i 2 RakiS(k18+1tas) 
ohms, farads 
(b) 





kn + k 1 2 
-O 
Figure 4, Network for Realizing the Pole at the Origin 
conditions, one of the two networks will require two internal negative 
resistorso For klp negative, the network of Figure 4a is used with 
R arbitrary but negative. Then the resistors across the input and the 
output are negative, in addition to the resistor in parallel with the 
capacitor. For k12 positive and |k11| > k12, the network of Figure 
4b is used with R arbitrary but negative* Then the resistors across 
the top terminals and the output are negative, in addition tq the 
10 
resistor in parallel with the capacitor,, For k1 positive and 
|k1JL.| < k12, the network of Figure 4b is used With R arbitrary and 
negative, but with the input and output ports reversed, and with the 
constants k1:L and k22 interchanged* 
Consider a pole on the negative real axiso 
kli! 




S + S. 
1 
k«r,S tie!, 
s + s. 
1 
(5) 
The compact pole can be r e a l i z e d by the netwbrk of e i t h e r F igure 5a or 
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F igure 5„ Networks for Rea l i z ing a Pole on the Real Axis 
11 
Figure 5a is used. Then the only negative resistor required is across 
the input. If k12 is negative and k^1 > !k12 | > the network of Figure 
5a is used, with the input and output ports reversed and the constants 
kj, and k interchanged,. Then the only negative resistor appears 
across the output,, If k12 is positive, the network of Figure 5b is 
used. Then the only negative resistor required appears across the top 
of the network« 
Consider a pole on the positive real: axis° The form of the pole 
is the same as that for a pole on the negative real axiso However, k1JL 
and k are negative. If the pole is compact, it can be realized by 
either the network of Figure 5a or that of Figure 5b0 If k12 is nega^ 
tive, the network of Figure 5a is used. Then the input resistor and one 
of the other two resistors are negative,, If k12 is positive, the net-
work of Figure 5b should be used0 Then the resistor across the top ter-
minals and one of the other two resistors are negative,, 
An examination of the component networks given shows that, in 
general, in addition to the negative resistors shown in Figure 1, one 
negative resistor will be required for the pole at infinity, one for the 
pole at zero, and one for each pole on the positive real axiso Or, the 
number of negative resistors required to synthesize a compact set of ad-
mittance functions is equal to the number of poles not on the finite 
negative real axis plus at most three. The number of poles allowable 
on the positive real axis is determined by stability considerations, and 
this question is investigated in Chapter IVD 
• In general, the number of negative resistors required to synthe-
size a set of admittance functions could be reduced if the internal 
12 
negative resistors required could be eliminated. Internal negative 
resistors are required for poles not on the finite negative real axis0 
However, as is shown in Appendix I, synthesizing networks for these 
poles that do not include internal negative resistors are not possible 
CHAPTER III 
REDUCTION OF THE NUMBER OF REQUIRED NEGATIVE RESISTORS 
Straightforward application of the general synthesis method pre-
sented in Chapter II does not necessarily give a minimum number of nega-
tive resistors for a given set of admittances« Two methods for reducing 
the number of required negative resistors are developed in this chapter,, 
The first method utilizes the combination of two poles a The synthesis 
of the combination of the two poles, rather than the synthesis of each 
pole separately, will lead to a reduction in the number of required 
negative resistors under certain conditions.. These conditions are devel-
oped in this chapter. The second method utilizes transformers to reduce 
the number of required negative resistors. In this method, the use of 
an unlimited number of transformers is first considered, and then the 
use of only one transformer is considered. 
Simultaneous Synthesis of Two Poles 
Consider-a set of admittance functions made up of two compact 
poles which occur on the finite real axis. 
kii a
s klibs s?(kHa +kiib) + s(kiia;sb + kiibsa). 
Tu = 77T + 7 + ~ ^ = — — l * T s U7+ sb) + sa sb : i 
k l 2a s k i 2b s _ s ' .foil&t S&b* * s ^ k i 2 a s b + k i 2 b s a ^ 
Y 12 ~ s + s " + ' s + s , ! " ""' : ? + s(s +s , ) + s s, ' ' 6 ' 
a b a b a b 
k 22a s + k 22b s s ^ 2 2 a + k22b^' + 5 ^ k 2 2 a s b + k 2 2 b s a ' 
2 2 s + s s + s, s 8 + s (s + s j +' 
a t> a b a b 
14 
The set of open-circuit impedance functions for th i s set of admittances 
i s : 
2 3 
M l 
\i +k o + kg2aSb + kgabV 
^K2J2a K 2 2 b ; r s 
-y 
'12 
hi = -4.f(k + k ) +
 ki2asb + k i 2 b V 
„| . kl> 12a + Ki2b ; 1h • " c 
(7) 
"22 
11 - I 
wl k , ^
k i i a + knb> + 
k i i a s b + kiibsa_n 
where 
knak22b + knbk22a " 2ki2aki2b 
This set of impedances is realizable by a ±R,G tee network if the resi 
dues of z11? z12, and z22 in.the
: pold at zero are positive and if 
the residues of z,, and znn in this pble are each greater than or 
11 22 J 3 
equal to the residue of z, «. Seven cases have led to useful results. 
• 12 
These are: 
Case A: sa > 0, sh > 0, ki2a < °> k 1 2 b < o . 
Case B: sa > 0, SK > 0, k1P,, > 0, kl2b < ° 
Case C: s < 0, s, > 0, k , < 0, 
12a 
kH, < 0 
12D 
Case D: s < 0, s, > 0, k, > 0, 
a b ' 12a ' 
k,oK < 0 • 12 b 
Case E: sa < 0, sb > 0, % e > °> ki2b > ° 
Case F: sa < 0, sh < 0, k1ca > 0, 12a 
k12b > ° 
Case G: s < 0, s, < 0, k > 0, k , < 0 
12a 12b 
15 
All other possible cases have been investigated and have been found to 
produce nothing useful,, These other cases, are presented in Appendix II0 
Case A 
For this case, sa > 0, s^ > 0, k12a < 0, and ^12b < 0o 
From (7), it is seen that the constant term of z12 is always positive,, 
If no negative resistor is to be used in the tee network, it is neces-
sary that 
k n a + k n b ^ " (ki2a + ki2b' 
(8) 
k22a + k22b - " (ki2a + ki2b^ 
This requires that the residue in y /s in one pole be- less and the 
11 
residue in the other pole be greater, in magnitude, than those of y1P/s 
in the respective poleso Under these conditions, the synthesis of the 
two poles separately would require two negative resistors. 
If the residues of y.L1 /s are both greater or are both less, 
in magnitude, than those of y12/s in the respective poles, then the 
separate synthesis requires one negative resistor-. Since the synthesis 
of the combination also requires one negative resistor,, there is no ad-
vantage in combining the poles. 
For the capacitive terms to be realizable as a tee network, it 
is necessary that 
kna sb + klibsa - " ^ki2:asb + kl2bsa^ 
(9) 
k22asb + k22b




If (8) and (9) are satisfied, the functions can be synthesized using no 
negative resistors. If (9) is satisfied, and if only one of (8) is satis-
fied, the synthesis of the combination requires only one negative resistor* 
If neither of (8) is satisfied, or if (9) is not satisfied, then 
it may be possible to combine part of one pole with the other pole to form 
a set of functions realizable as an RC network,, The remaining part of 
the pole can be realized using one negative resistor and, thus, one nega-
tive resistor is saved,, 
Suppose that pole a is divided into two parts„ 
rkllas (1 - r)kllas 
Y = T — + 4. lia s,+ s s +. s a a 
r k i 2 a
s ( 1 " r ) k i 2 a
s 
J12a s + s s + s 
a a 
rk22as (1 - r)k22as 
y ~ — + ; 
7223 S + S < S + S 
a a 
Since the pole is compact, the breakdown must be made such that the two 
parts of the pole are also compact« The constant r is positive and 
less than one. Then, in the combination of the poles as shown in (6) 
and (7), klia>
 ki2a'
 a n d k22a.' a r e r eP l a c e d bY rkiia' rkl2aJ a n d 
rk00_, respectively0 Also, in the conditions given in (8) and (9), the 
same replacements are made,, If r is chosen to satisfy (8) and (9), the 
following limits on r are obtained., 
" (k12b + k22b) v v " ^
kllb + k12b) , N 
> r > (10) 
^ki2a + k22a^ ^kna + ki2a^ 
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-SaUlsb + kaat)' > r N -
sa ( k l lb + k l 2 b> 
sb ( k i2a + W " r ~ s b ( k n a + k 1 2 a
} 
This set of relations is obtained on the assumption that k ., > k, 
r na 12a1 
If this inequality is not satisfied, the inequality signs in each of 
the above relationships must be reversed, as may be seen by noting that 
they are obtained by dividing by either the factor (k. + k ) or 
na 12a 
(k + k ) o One of these factors will always be negative,, If this 
12a :22a 
breakdown is possible, both relationships in (lO) will allow r to be 
chosen positive and less than one. If one of the limiting values is 
chosen for r, one circuit element will be saved. If the constant r 
is found to be positive and greater than one for both relationships, 
a breakdown of pole b, instead of pole a, should be triedo For 
this breakdown to be successful, it is necessary that the two intervals 
for r as given in •( 10) be overlapping,, A numerical example illustrat-
ing Case A is given in Appendix IIIo 
Case B. 
For this case, &a > 0, s. > 0, k a > 0, and k ^ < 0o 
Two negative resistors are required in the separate synthesis of the 
two poles. In order that the restrictive term of z12 be nonnegative, 
I^H^UI > k„„ o Therefore, for the combination to be realizable without 1 12b1 - 12a 
the use of negative resistors, lk12J 2
 k
12a? I
ki2bsa' - ki2asb' a n d 
the conditions given in (8) and (9). must be satisfiedo If lk1PuS | > 
k su, and if only one negative resistor is required in the realization 12a u 
of the combination of the poles, then one negative resistor is savedo 
18 
If these conditions are not satisfied, possibly pole a can be 
divided into two parts in the manner described for Case A„. Since both 
(kira + ki2a^ anci ^ki2a + k22a^ a r e Posi'tive> the conditions stated 
in (.10) become 
-. ' vkiib + ki2b^ 
r > . • — — - — 
k + k ) 
lia 12a 
x ~(
ki2b t k22b ' 
r > - — — 
(k,n + k00 ) • 12a 22a 
11) 
r > 
> ";Sa(kiib + kiab) 




sjk + k ) 
b 12a 22a 
In this set of inequalities, two of the right side values will always 
be negative,, Therefore, it is necessary that the two values which are 
positive be less than one. Also, in order that the capacitive term of 
z<„ be positive, it is necessary that k -s > rk s 12 F • • : ' I2b;:a ^ I2a b 
If pole a cannot be divided successfully, then pole b can 
always be divided in the same manner if r' Ik . s I > k . s, » The 
12b a - 12a b 
constant r', which is equal to l/r, is determined from (ll')« If 
r is found to be greater than one, then r will be less than one and 
will satisfy the required conditionso 
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Case C 
For this case, s < 0, s, > 0, k < 0, and k , < Qu 
a b 12a 12b 
It is seen from Chapter II that the separate synthesis of the two 
poles will require two negative resistors if I^J > Ik, | for both 
poles, and three negative resistors if this inequality is satisfied 
for one pole and not for the other0 Two negative resistors are required 
if this inequality is not satisfied for either pole„ 
A realization of the combined poles requires at least one negative 
resistor, because of the presence of the pole on the positive real axis-
Consider the expressions in (?)0 The constant k will always be nega-
tive, and therefore a negative resistor will always be required in the 
realization of z <, An additional negative resistor may be required 
12 ' . 
in the realization of either z or z , but not botho This follows 
11 22' 
from the fact that the difference of k ±, and l^llal and the differ-
ence of k v and |k | cannot both be positive and greater than the 
<J<3-D <o2 a 
sum of Ik I and Ik I . Thus, if the capacitive terms of z..,, 
12a 12b -L1 
z , and z are realizable, either one or two negative resistors can 
12: 22
 3 
be savedo For any specific poles, a substitution into (7) will show 
whether or not any negative resistors can be savedo 
A breakdown of pole a cannot result in the saving of any nega-
tive resistors, since the remaining part of the pole requires two nega-
tive resistors0 For the case in which three negative resistors are re-
quired in the separate synthesis of the poles, a breakdown of pole "b 
may result in the saving of one negative resistor if the combined poles 
can be realized with only one negative resistor,, The limits on r for 
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which this is possible are obtained by the same method as used in 
Case Ao These limits are; 
- (k + k • ) - (k- + k ) 
lia 12a' N N 12a 22a
7 
— — : — — • > r > ~ : 
(kllb + k12b^ ^k12b + k22b^ 
(12) 
s u (k H H .+ k ) - :s, (k + k n ) 
b l l a 12a ' ^ > b 12a 22a 
1a-- , S r S ~" ' 
Sa^ knb + kl2b^ sa^ki2b + k22b^ 
These relationships are based on the assumption that k ' > |k J » 
If this inequality is not satisfied, the, sense of the inequality signs 
must be reversedo There is an additional condition that must be satis-
fied* •' The capacitive term of z must be positive0 Or,
 rk12i0s >' 
Ikl2asbl °-
Case D 
For this case, s < 0, s > 0,• k1n_ > 0, and k1oK < 0» 
Three negative resistors are required for the separate synthesis of 
these two poles0 
Consider the expressions in (?)„ The constant k will always 
be negativeo At least one negative resistor will always be required 
because of the pole on the positive real axiSo The necessary conditions 
for three negative resistors to be required are 
lib ' lia 12b1 12a 
k22b ' lk22a' > 'ki2bl " ki2a > ° 
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Since k,„ is the geometric mean of k.. and k__ , and k._, 12a ^ ' lia 22a 12b1 
is the geometric mean of kJ(, and k. , , both conditions cannot be 3 lib 22b7 
satisfied simultaneously* Thus, if the capacitive terms are realizable, 
at most two negative resistors will be required, and possibly only one„ 
If the combination of poles is not realizable, possibly pble b 
can be divided such that part of the pole in combination with pole a is 
realizable0 For there to be a saving in negative resistors, it is neces-
sary that the combination be realizable with only one negative resistor0 
the limits on r for the capacitive terms of z 1 2 are the same as the 
second set of the inequalities in (l2.)„ For the resistive terms, the 
limits on r are the same as the first set of inequalities in (l2), if 
the resistive term of z is negative, :L«eo, if rlk, , | > k„„ „ If 
12 .', - 12b 12a 
the resistive term of z 1 2 is positive, one of the limits in the first 
set of inequalities of (12) can be violated,, These limits apply to the 
case that ^llb > l
k
12Dl •
 :[f k n b <-lki2bl' a11 ineQuality signs 
should be reversedo 
For this case, sa < 0, s b > 0, k ^ > 0, anu *12b 
Case E 
>d ki2b > ° 
For this combination, k of (7) is negative,. The realization of the 
poles separately requires two negative resistors« For the combination 
to be worthwhile, only one negative resistor can be usedo At least one 
negative resistor will always be required, since a pole on the positive 
real axis is present» For the combination to be realizable, it is neces-
sary that the capacitive term of i,g be positive, or, k. s- > 
Ikl2bsa' ° 
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An examination of z in ("7) shows that the resistive term is 
1.2 
always positive,, Thus, the combination is advantageous only if 
- Uo„ + k_J > k„0 + k,oU 22a 22b - 12a 12b 
or 
- (k + k J > k 4- k .,_ 
lla lib ~ 12a 12b 
If the combination of poles is.not directly realizable, no advan-
tage can be taken by dividing one of the poles..,- For any breakdown, at 
least two negative resistors will be requiredo 
Case F 
For this case, s < 0, s, < 0, k > 0, and k . > 0,, 
a b 12a , 12b 
The separate synthesis of the two poles requires three negative resistors 
In (7), k is always positive, and therefore the capacitive term 
of z± is always positive,, The resistive term of zlg is always nega-
tive and requires a negative resistor in its realization,, For the com-
bination to be worthwhile,, both z and z should not require neqa-
; , ' • . " • ' 11 22 3 
tive resistorso If the capacitive terms are realizable, the combination 
results in a savings of negative, resistors if either 
klia + knbl ^ ki2a + ki2b 
or 
k + k : < k • +.k 
22a 22b "" 12a 12b 
Neither of these inequalities may be satisfied in any specific case, 
and both are never satisfied simultaneouslyo This is seen by adding 
.23 
the two inequalities, and noting that the left side is always greater 
than or equal to the right side„ Thus, if the capacitive terms are 
realizable, the synthesis of the combination of the two poles may re-
sult in a savings of one negative resistor* There is no advantage in 
dividing one of the poles, since the realization of the remaining part 
of the pole will require two negative resistors.. 
Case G 
For this case, s < 0, s, < 0, k > 0, and k , < 0 „ 
• a b 12a 12b 
The separate synthesis of these two poles requires four negative re-
sistors. 
In (7), k is always positive,, For the capacitive term to be 
nonnegative, it is necessary that Ik s., I > k . s o The resistive 
i • 12a o - 12b a 
term of z may be positive or negative,, However, the resistive terms 
1 «o 
of z11 and z are always negative,, If the resistive term of z12 
is positive, two negative resistors are required in the realization of 
z and z „ If the resistive term of z is negative, the realiza-
1 1 <>*zi 12 
tion of z requires one negative resistor0 The realization of zL 
anc* zoo will require at least one additional negative resistor, sirice 
either 
Ik- + \c I > I v I -i v | K i i a T K n b ' ' | K i 2 b ' K i 2 a ' 
or 
| k + k . , | > | k 1 | - k , 22a 22b 12b 12a1 
or possibly both inequalities may be satisfiedo In either case, at 
least two negative resistors are required,' and possibly three0 Therefore, 
24 
if the capacitive terms are realizable, then the synthesis of the com-
bination results in g saving of at least one negative resistor, and 
possibly two. There is no advantage in dividing one of the poles, 
since the synthesis of the remaining part of: the pole will require 
two negative resistors. 
Synthesis Usinci Transformers 
Consider the network shown in Figure 6„ For this network, y , 
Y12> a.
nci Y 2 2 are the admittance functions of the total network, and 
y J y, ) and y' are the admittance functions of the sub-network. 111' 712 ;22 
f — 










I a": x I 
[ yii>_ Yl.2j_Y22__ | 
Figure 6„ Synthesis Network Using a Transformer 
For the network of Figure 6, 
y = y 
' 1 1 .Ll 
* i s = ayi2 
2 ' y = a* y 
22 22 
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A compact pole on the negative real axis can'be realized by the net-
work of Figure'7. This network requires no negative resistors» 
AAA/ K-
•11 
ohms, farads ls . i 
. kn ' L 
Figure 7. Network for Realizing a Pole on the Real Axis 




s + s 
kl2 S 
S + S. 
22 
k22 S 
S + S 
If Si is negative for the above pole, k±± and k are also nega-
tive., Thus, a pole on the positive real axis also can be realized by 
the network of Figure 7, but the resistor will be negative,, The' pole 
at infinity can be realized by the network of Figure 7 with the resist-
ance equal to zero and the capacitance equal to k farads» 
The pole at the origin can be realized by the network of 
Figure 8. ,In this network, R is chosen to be any convenient positive 
value/ -
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Figure 8« Network for Rea l iz ing the Pole a t the Origin 
For Figure 6, 
l l 
,42 
y 2 2 
Ml 
kX2 
To r e a l i z e a se t of conductance terms, the network of Figure 9 




< G i 
- * - ^2 
1 
ohms - a : 1 
Figure 9» Network for Realizing Conductance Terms 
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For Figure 9, 
Thus, 
y = q = G + G 7ll *u 1 2 
y' / = g = aG 
12 12 2 
y = g = s G 
2 22 22 2 
g 0 , 
__ ti<> 
8 ~~ g ( 
,12 
G _
 gil 922 " 912 




G 2 = _ g. 32 
If y _ is zero, gOQ in the above relationships can be assumed to be 
any convenient positive value, and a conductance of value (- g00) 
should be connected across the output terminals to make y22 zero... If 
y and y are both negative and if q g > g2 , then both resis-
211 *22 r • llr22' 12 
tors in the network will be negative. Otherwise, at least one of the 
two negative resistors will be positive,, 
Therefore, if the number of transformers used is not restricted, 
any set of ±R,C short-circuit admittances can be realized with the 
number of negative resistors required equal to the number of finite poles 
not on the necjative real axis, plus possibly two for the conductance termso 
If the number of transformers used is restricted to, one, the net-
work shown in Figure 10 can be used,. The transformer is used to convert 
28 
the poles which have positive k ' s to have negative1 k °s0 The 
12 l<o 
negative resistors shown can be combined into two negative resistorso 
If k is positive for the pole at infinity, the turns ratio can be 
12 . . 
chosen to realize this pole without negative resistors. If k for 
the pole at infinity is negative, the turns ratio can be chosen to be 
any convenient value„ If g of the conductance terms is negative, 
the conductance terms can be included in the top network of Figure 10o 
If q. is positive, the conductance terms can be included in the 312 
Figure 10„ Synthesis Network Using One Transformer, 
bottom networko In either case, no negative resistor is required, across 
the top terminals of the networko In general, the number of negative 
resistors required will be two plus the number of poles not on the finite 
negative real axiSo 
In general, there is a saving of one negative resistor for the one 
transformer used, as compared to the case of no transformers usecL Also, 
in general, the maximum number of negative resistors required to 
29 
synthesize a set of admittance functions is one greater in using one 
transformer than in using an unlimited number of trans formers0 The 
additional negative resistor is required by the pole at infinity<> 
However, for a specific case,, the number of negative resistors required 
may be reduced by three by the unlimited use of transformerso The ad-
ditional negative resistors that may be saved are the two assigned to 
the conductance termso 
CHAPTER IV. 
STABILITY OF ±R,C NETWORKS 
Since active elements are present in ±R,C networks, the question 
of stability naiurally arises.. If a natural frequency of the network 
falls in the right halfplane or on the jy axis, the network is. unstable* 
A positive real zero in y or y , or a positive real pole in y , 
11 2«' 11 
y , and y does not necessarily mean that the network is unstable,, 
12 722 
Stability is determined by both the pole-zero locations of the admittance 
functions and the terminations of the networko 
.- . • • : • - • • • / 
If every part of the network is coupled with the remainder of the 
network, the natural frequencies of a network.can be obtained by setting 
to zero the impedance of any closed loop, or by setting to zero the ad-
mittance between any two nodes0 If a part of the network is uncoupled 
from the remainder, investigation of the remainder will not reveal the 
natural frequencies of the uncoupled part. An example of this case is 
found in Case A below. To take into account the possibility of uncoupled 
parts appearing in the networks to be investigated, both the input cir-
cuit and the output circuit of each network will be investigated,) 
The stability criteria, of ±R,C networks will be derived in 
terms of different source and load admittances and the pole-zero loca-
tions of v., arid y . o The different Source and load admittances 
1 1 1 • . • 2 2 











The notation is shown in Figure 11«, 
<V YL 




0, YT • '=• G. L" 
= 0, 
Y. = «», 
Case A 
c® and Yj. = 0. Setting the admittance For this case, Yq 
across the output port to zero, the relationship 
y = 0 722 
is obtained. Therefore, the network, is unstable if y2g has a positive 
real zero. However, y may have at most one positive real pole, if 
<o2 
the first critical frequency of yr,_ from the right is a poleu For the 
<'2 
remainder of this chapter, all critical frequencies will be counted from 
the righto 
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to find the natural frequencies in the input loop, consider the 
input loop inpedan&e: 
y 2 2 
;z =:: -— —JT = ° • 
1 1 • yl'ly22; " Y12' 
If the admittance functions are expressed as 
P ^ s ) 
y l l Q(s) 






P ^ s ) P2(s) - [PG(s)]
! 
y n y 2 2 - . y i a 
|[Q(s)] YT2 
If k ^ k = ^12 wi"th k12 7" 0 i-
n each pole, . i . e . , if the network i s 
compact in each pole, then Q(s) i s a factor of the numerator of 
yliy22 - y12 ' a n d 
y y - ys = -*—— „ (13) 
yliy22 Y12 Q(g) 
Then 
z 11 Pg(s) 
It is seen that setting z^ to zero requires that y„„ have no zeros 
3 ll ^ J22 
on the positive real axis, and the natural frequencies'in the input loop 
33 
are the same as those that appear at the outputu The only constraint 
on y±± and y^? is that the network be compact in each pole» Since 
y may have at most one positive real pole, y1JL and y12 may also 
have at most one positive real; pole. There is no constraint on the zeros 
of Y±±> other than that ytl must be ±R,C$ therefore y.1JL may have 
at most two positive real zeros.. 
If the admittance functions are not compact in all of the poles, 
these poles do not appear as a factor of the numerator of y^y„, - y?„« r r r 7ll722 712 
Thus, 
2 P 4 ( S ) 
Yliy8S " Y12 = Q(s) Q^s) U 4 ) 
where 
Qx(s) =• II U + s.) , 
and s. are the poles in which the admittance functions are not compact* 
Then 
P2(s) Q^s) 
z " ^™^r~° 
Therefore, Y\±> Y ±2* anc* ^22 maY nave no n on compact poles on the 
positive real axis.. this is an example of a natural frequency appear-
ing in the input loop that does not appear at the output„ 
Case B 
For this case, Y~ = °3 and Y = G „ By setting the admittance 
across the output port to zero, the relationship 
y + GT = 0 
122 L 
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is obtained*, the natural frequencies are therefore the zdiros of 
(y +Gj.)0 Consider a sketch of y versus a, shown in Figure 120 
22 L. 22 
The origin is purposely omitted from, the sketcho The addition of G 
to y22 shifts the positions of the zeros to the left on the a axis, 
/ ' / 
i x̂- ,o^-
I 
Figure 12« Sketch of y versus a 
but a zero cannot be shifted beyond the adjacent pole location» If the 
first critical frequency of y22 is zero, this zero may occur on the 
positive real axis, but the first pole must occur on the negative real 
axiso If the first critical frequency of y22 is a pole, the second 
pole of y must occur on the negative real axiso Therefore, y 
may have at most one zero and. one pole on the positive real axiso 
To find the, natural frequencies in the input loop, consider the 
input impedance. For this case, 





11 7 22 L 
y n G L + y n y 2 2 - y?2 
= 0 
From the discussion of Case A, if the network is compact in each pole, 
then the1 zeros of z, are the zeros of (yoc + G )„ Thus, the onlv 
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constraint on y and y„ is that the network be compact in each 7 l l 712 
pole* And since y22 may have at most one positive real pole, y±1 
and y may have at most one positive real pole„ There is no con- , 
straint on the zeros of y , other than that y must be ±R,C| 
therefore, y,„ may have at most two positive real zeros. 
11 
If the admittance functions are not compact in all of the poles, 
(yiiy22 " yl2^ ^s 9iven ky (l4)'o The factor Q1(s) appears in the 
numerator of z „ Therefore, y, , y , and y may have no non-
11 11 12 22 
compact poles on the positive real axis. 
Case C 
For this Case, Y = G and Y = (3 „ Consider the network of 
S S . . L' L 
Figure 11„ For this network, 
y12 
Y = • v - ~ 
Y n y2S + YL 
The natural frequencies of the input circuit are the zeros of 
y±1GL + y i ly 2 2 - y?a • . . 
Y + Y = G + — - — — T - r r (15) 
S l S Y22 + GL 
If y , y , and y are compact in each pole, then, from (13), the 
polynomial Q(s) does not appear as a factor in either the numerator or 
the denominator of Y.. Therefore, the zeros of Y. are the zeros of 
(y G. + y y - y2 ), and the poles of Y. are the zeros of (y +Gr)c 7 ll L vn722 712 i 22 L' 
The zeros of (15) are always to the left of the zeros of Y. on the real 
axis, since Y. is a ±R,C admittance'.. The first zero of Y. may occur 
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on the positive real "axis, but the first pole to the left of this zero 
must occur on the negative-real axis.. 
If the first critical frequency of". Y. is a zero, the first zero 
of (y0
 + Qr)> which is the first pole of Y., must.occur on the nega-
JO JO J-i J-
tive real axis and hence the first zero of ry2g may occur on the posi-
tive real axis. If the first critical frequency of y is a pole, 
y may have one.zero arid one pole on the positive:real axis.. 
JOJO 
If the first critical frequency of Y. is a pole, the second 
zero 6f (y00 + G r), which.is the.second pole of Y., must occur on 
the negative real axis., If the first critical frequency of y is a 
pole, y may have two zeros and two poles on the positive real axisQ • 
If y , y , and y are not compact in each pole, then, 
J. J. X JO (O JO 
from (14) and (15), the factor Q^Cs) appears in the denominator of 
Y.„ Therefore, the poles of Y. are new the zeros of (y + G ) plus 
the poles of yllV y12, and y22 for which these functions are not 
compact* If the first critical frequency of Y. is a zero, the admit-
tance functions may have no poles on the positive real axis which are 
not compact„ However, the same limitations are present on y as in 
the compact case* If. the first critical frequency of Y. is a pole, 
this pole may be a pole of y±1, Y1P> and Y2o which is not compact, 
However, there may be only one such pole on the positive real axis-
If a npncompact pole is present on the positive real axis, y22 may-
have at most one zero on the positive real axiso 
The same statements are true regarding y n, since Yg and Y^ 
are both conductances. A numerical example illustrating Case C is given 
in Appendix IIIB 
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Case D 
For this case, Y_ = 0 and Y »: G „ Setting the impedance of 
the output loop equal to zero, the relationship 
z + i" = 0 
2 2 GL 
is obtainedo Now 
-y-ii 
Zss yny8S - yfs 
From (13), if yAA, Yio»
 aric:' Yoo a r e compact in each pole, the zeros 
X X X <) lit lit 
of y are the zeros of z • Since z is a ±R,C impedance, it 711 22 22 . 
has the shape shown in Figure 13. The addition of l/G.. to z_ will 
shift the positions Of the zeros to the righto For the network to be 
stable, the first zero of z,:;2 must occur on the negative real axis*. 
Therefore, the first zero of y±± must occur on the negative real axis., 
If the first critical frequency of y. is a pole, this pole may occur 
on the positive real axis'o 
If y , y , and y _ are not compact in each pole, 
y y - y2 is given by (1.4), and Q.(s) is a factor of the numerator 
of z o Therefore, the poles for which y11, y12, and y22 are not 
compact are the zeros of z , and these poles must occur on the nega-
tive real axis« 
For the: restrictions on y , consider Y. in Equation (l5')0 
-" 22 i 
Since Y^ of (lb) is zero, the zeros of Y. are the natural frequen-





Figure 13„ Sketch of z__ versus a 
22 
pole, the poles of Y„ are the zeros of (y + GT)o If the first crit-r r 1 J 22 L 
ical frequency of Y. is a zero, the first pole of Y, must occur on 
the negative real axis., Then y?2 may have one zero on the positive 
real axis* If, in addition, the first critical frequency of y22 is a 
pole, y may also have one pole on the positive real axis0 If the 
first critical frequency of Y. is a pole, then the second zero of 
(y22 + G ) must occur on the negative real axis0 Then- ypp
 may have 
two zeros on the positive real axis* However, since y, is limited 
• • . 1 1 
to one pole on the positive real axis, ypo may have only one pole 
thereo A numerical example illustrating Case D is given in Appendix 
III. 
Case B 
For this case, ^c ~ 0 and Y == Oc> From (15), setting the 
input admittance equal to zero, the relationship 
Y. 
I 
y i i y a s • y'L 
= 0 
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is obtained* For the network compact, the zeros of Y are the zeros 
i 
of YiiYpp ~ Y?p> anc' the poles are the zeros of Y2P° If "the first 
critical frequency of Y. is a zero, the first zero of y must occur 
on the negative real axis* Therefore, y00 may have at most one pole 
on the positive real axiso If the first critical frequency of Y. is 
a pole, the second zero of y22 must occur on the negative real axiŝ o 
Then y_ may have at most one zero and two poles on the positive real 
axis* Since the terminations,of -the network are both open circuits, the 
same statements apply to Y\.** 
If the network is not compact in all poles, the poles in which 
the network is not compact are also the poles of Y., as is seen, from 
(l4)ft If the first critical frequency of Y. is a zero, no noncompact 
poles may occur on the positive real axis» If the first critical fre-
quency of Y. is a pole, this pole may occur on the positive real axis, 
and this pole may be a noncompact.pole. There may be no zero on the 
positive real axis for this case, A numerical example illustrating 
Case E is given in Appendix III* 
Case F 
i For this case, Y^ = °° and YL = °° » The natural frequencies of 
the input loop are the roots of 
y n 
Thus, y can halve" no poles on the positive real axis, but may have 
one zero there*, Since Y~ and Yr are the same, the same statement 
applies tp y22 » 
Conclusions 
The functions v.. and yor, may have at most two zeros and two 
•V11 * d2 d 
poles on the positive real axis with the resulting network stable., This 
condition can occur in a compact network when both the source and the 
load admittances are finite conductances• 
CHAPTER V 
SYNTHESIS OF VOLTAGE TRANSFER FUNCTIONS 
FOR SINGLY-LOADED NETWORKS 
The synthesis procedures developed in Chapter II will now be ap-
plied to the synthesis of three different transfer functionso The first 
of these functions, the voltage transfer function for the singly-loaded 
network, will be considered in this chapter,, The other two transfer 
functions, the voltage transfer functions for the open-circuited net-
work and for the double-loaded network, will be considered in the next 
two chaptersp 
Necessary Conditions for Y 1 2 
/ 
For the network of Figure 14, 
Y -* 
1 E2 Yl2 
12 " E ± E.L 1 + y 22 
The necessary conditions of Y can be obtained by investigating the 
necessary conditions on y._ and y00« For \' and y to be 
1 2 «32 • 1<3 22 
realizable as ±R,C functions, these functions can be expressed as 
p(s) 
Y±2 ' qn(s)" 
(16) 
QiCs) 




Figure 14„ Network for Synthesizing Y • 
where p(s), q ^ s ) , and , qg(s) are polynomials in s« the coeffi-
cients of p(s) must be real, and the zeros of q1(s) and qs(s) must 





- _ P(s) 
qi'(s) q^s) + q2(s) q(s) 
q2(s) 
(17) 
Since q(s) is the sum of q1(s) and q2(s), it is seen from Figure 15 
that q(s) can have zeros only along the real axis. And in order that 
the resulting network be stable, q(s). can have zeros only on the nega-
tive real axis* 
Figure ^5* Plot of q(s), q.^s), and q2(s) 
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It is also seen from Figure 15 that q(s) may be of one degree 
less than q (s) and q (s) but may not be lesser in degree than this0 
If p(s) is of the same degree as q (s), p(s) is of one degree 
greater than q(s). The degree of p(s) may not be more than one 
greater than that of q(s), since this condition requires y to 
have poles that are not present in y g » 
In summary, the necessary conditions for the synthesis of 
Y 1 2 = p(s)/q(s) by a stable ±R,C network are: 
1, The coefficients of p(s) are realo 
2. The zeros of q(s) occur only on the negative real axis0 
30 The degree of p(s) is not more than one greater than 
that of q(s)o 
It will be shown by the synthesis procedure of the next section 
that these conditions are also sufficient<, 
Method of Synthesis 
Given Y , the zeros of q2(
s) must be chosen such that y2J3 
is a ±R,C admittance,, Let 
q2(s) = k H (s + s.) .. 
The polynomial q~(s) can be chosen to have one zero less than q(s), 
the same number of zeros as q(s), or one zero more than q(s)o If 
the degree of p(s) is one greater than the degree of q(s), Qo^3^ 
must have one zero more than q(s-).Q Otherwise, any of the three choices 
m.ay be made0 
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If it is desired that q2(s) have one zero less than q(s), 
the right-most zero of ...q2(s) should be chosen to the left of the 
right-most zero of q(s), and the other zeros should be chosen to 
alternate with those of q(s)« No zero should be chosen to the left 
of the left-most zero of q(s)» The constant k should be made posi-
tive., Under these conditions, y will be a ±R,C admittance,, This 
id <t 
can be seen by first considering q1(s) = [q(s) - q2(s)]o From Figure 
15, it is seen that the zeros of q1(s) and q(s) alternateo Further-
more, in the vicinity of the right-most zero of qc(s), q.,(s) is neg-
ative« The variation of q (s)/q (s) in the vicinity of this zero is 
as shown in Figure 16? This is the manner in which a ±R,C admittance 
must vary, and q (s)/q (s) is a ±R,C,•admittance. 
A 
Mr ; ^ cr 
Figure 16» Variation of q1(s)/q„(s) in the 
Vicinity of a\ Zero of qgtf) 
If it is desired that q0(s) have the same number of zeros as 
q(s), the rigjht-most zero of q2(s) can be chosen to the left of the 
right-most zero of q(s), and the other zeros chosen to alternate with 
those of q(s)» The constant k should be made positive,, Then, by 
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the above discussion, it is seen that qJ(s)/q2(s) is a ±R,C admit-
tance* Or, the right-most zero of q0(s) can be chosen to the right 
of the right-most zero of q(s). For this choice, k should be made 
negative,. Then it is seen that q|(s)/q2(s) is also a ±R,C admittance. 
If it is desired that q0(s) have one more zero than q(s), the 
right-most zero of q„(s) should be chosen to the right of the right-
most zero of q(s), and k should be made negative* The remaining 
zeros of q2(s) should be chosen to alternate with those of q(s)0 Then 
q-(s), Which is equal to the difference of q(s) and q2(s)> will have-
the variation shown in Figuxe 17„ An examination of q1(s)/q (s) in 
the vicinity of any of the zeros of q2(s) shows that this function is 
a ±R,C admittance* 
Figure 17. Variation of q(s), q-^s), and q2(s) 
With th<* ieros of q (s) chosen, the functions y and y 
2 ±-K> K> K> 
will be of the form 
y 
k _ . s 
1 2 
-L r x 1 S o MV 121 
= g + k i o s •+ - ^ — •+•••> ~ r -
12 iSoo S U S + S 
(18) 
k„„.s 
22 = 9 2 2
+ k 2 2 J + r + L s + S . 
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The zeros of q (s) can be chosen such that kH„„ and k H ^ ^2 1200 120 
are always zero. It is desirable that both k.„_ and k.0^ be zero, 
1 12oo 120 
because these terms in general will require additional negative resis-
tors o To make k^- zero, the degree of q?(s) should be at least as 
great as that of p(s)o To make k1p0 zero, <32(s) should not have a 
zero at the origin. 
Once y and y are determined, the circuit can be synthe-
111 '22 ... •• 
sized by the straightforward procedure of synthesizing each pole sepa-
rately given in Chapter II» The conductance terms can be realized, with 
two resistors as shown in Figure 18« Both of these resistors may be 




912 + g 22 
ohms 
Figure 18c Network for Synthesizing Conductance Terms 
The different cases possible for the finite poles will now be 
consideredo Suppose that s. is positiveo If k for this pole is 
negative and less than or at most equal to k22 in magnitude, a value 
of k can be chosen for y . such that the pole is compact, and , 
the network for this pole will require a negative resistor across the 
input terminalso Since y. does not affect Y > this negative 
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resistor can be omittedo If k12 is negative and greater in magnitude 
than k??, a value of k̂ , can be chosen for Y1:Li such that the pole 
is compacto then the network for this pole will require a negative re-
sistor across the output terminals* If k is positive, a value of 
k can be chosen for y . • such that the pole is compacto Then the 
11 1 H I 
network for this pole will- require'a negative resistance across the top 
terminals of the networko Thus, for the synthesis of the negative real 
axis poles and the conductance terms, a maximUm of two negative resistors 
will be required,, 
In order that the network be stable,, q(s) can have zeros only 
on the negative real axis* The zeros of q (s) can always be chosen 
on the negative real axiso This choice is desirable, since each pole 
on the positive real axis will require one internal negative resistore 
For this reason, the synthesis of poles bn the positive real axis has 
not been considered,, 
In conclusion, a maximum of two negative resistors are required 
for the synthesis of a stable, ±R*C voltage transfer function for a 
singly-loaded networko 
Methods of Reducing the Number -
of Required Negative Resistors 
The number of negative resistors required to synthesize a specific 
Y sometimes be reduced by the proper choice of zero locations and the 
constant multiplier of q (s). 
Let Y„„ be expressed as 
12 r 
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a^ + ats +
 00 ° + ams
m 
o i m , ; 
Y = ,-—-__*_—'. • r. • ( I Q ) 
12 b + b1s + •?• + s
ri v ^ 
o i 
Inspection of (l6), (17), (18), and (.19) shows that 
ao 
gi2 .-- k n.s. J-L I 
b0 - k n si 
922 k n s. 
where s. are the zero locations and k is the constant multiplier of 
q (s)« If g is positive, a negative resistor will be required across 
/d ' I/O 
the top terminals of the networks If, in addition, 900 is negative and 
greater in magnitude than g. , a negative resistor is also required 
across the output terminals of the network* The sign of JX s. is al-
ways positive, but k may be positive or negative,, If q (s) is chosen 
to have one less zero than q(s), k is- positive,, If q2(s) is chosen 
to have the same number of zeros as q(s), k may be positive or nega-
tive„ If qp(s) is chosen to have one more zero than q(s), k is neg-
ative,, If the degree of p(s) is one greater than that of q(s), k 
must be negative. However, if the degree of p(s) is equal to pr less 
than that of q(s), k may be chosen positive or negative. Thus, there 
is some possibility of varying the sign of k to reduce the number of 
negative resistors required to realize the conductance terms„ 
If two negative resistors are required for the realization of the 
conductance terms, any further effort to reduce the number of negative 
resistors required is futile<> However, if both negative resistors are 
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not required, then possibly a reduction can be effectedo Consider the 
poles of Y12
 ancJ Yp'> °^ (l9)o If klg is negative and less than 
or equal to kp in magnitude for any of these poles, no negative re-
sistor is required in.the synthesis of this poleo If this condition can 
be satisfied for every pole for which k is negative, the synthesis 
of the poles will not-require a negative resistor across the output«, 
the possibility of this occurrence can be determined by the fol-
lowing procedure,. Now 
PU^I 














q(s.) = q (.s.) + q (s.) = q (s.)0 
1 l 1 2 1 l . 1 
k . p(s.) 
121 y 1 
k . q(s.) 
221 M 1 
It is desirable that this ratio be negative and less than or equal to 
unity in magnitude0 If p(s-)/q(s) is calculated as a function- of
c 
s. = a, the intervals over which this condition is satisfied "become 
zTV •'"; -
evident, and the 2ero locations can be chosen in these interval's 
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whenever possibleo The zero locations should be chosen where p(s)/q(s) 
is equal to (-l), if possible, in order to save circuit elements.. 
If m < n in (19), and if the synthesis of the conductance terms 
will'allow k to be positive, then qs(s) should be" chosen to have one 
zero less than q(s). This choice will give ys2 a pole at infinity, 
but y, will not have a pole there. One pole is saved in y , and 
fewer circuit elements are required in the synthesizing networko If 
m = n, if the synthesis of the conductance terms will allow k to be 
positive, and if the synthesis of the resulting pole of ylg at infinity 
does not require a negative resistor, then q (s) should be chosen to 
have one zero less than q(s)o At s = °°, 
• k i 2 
.=: a 
k22 m 
where a is given in (l9)o If a is negative and less than or equal 
m r m 3 ^ 
to unity in magnitude, no negative resistor is required in the synthesis 
of this pole0 A numerical example illustrating the synthesis of Yj, 
is given in Appendix III„ 
CHAPTER VI 
SYNTHESIS OF OPEN-CIRCUIT VOLTAGE TRANSFER FUNCTIONS 
The synthesis procedures developed in Chapter II will now be ap-
plied to the synthesis of the voltage transfer function for the open cir 
cuited networko 
Necessary Conditions for .the Open-
Circuit Voltage Transfer Function 
For the network of Figure 19, the voltage transfer function is 
T(s) -
• E 8 ( » > 
Ms) 
y i 2
( s ) 
y
2 2
( s ) 
(20) 
M 




Figure 19« Network for Synthesizing the 
Voltage Transfer Function 
The necessary conditions for T(s) can be determined from the investi-
gation of the necessary conditions for y„ and y„„o These functions 
• '' 12 22 














bo '+• b l s + O 9 » + s
n 
where P(s), Q-(-s), and R(s) are polynomials in So For y and 
y_ to be realizable as ±R,C twoports, the coefficients of P(s) must 
be real and the zeros of Q(s) and R(s) must alternate on the real 
axis.. Now, from (20) and (2l), 
Ep(.a). P(s) 
T(s) = ~ ^ — = - — — = ~ — ^ - — ^ (22) 
E.̂ Cs) Q(s) 
For the resulting network to be stable, the zerds of Q(s) must fall (Sin 
the negative real artis* Since y p cannot have poles that do not appear 
in yOD> and since R(.s) can be at most one degree higher than Q(s), 
P(s) can be at most one degree higher than Q(s)„ 
In summary, the necessary conditions on t(s) for realizability 
as a stable ±R,C network ares 
1. The coefficients of P(s) are realo 
2» The zeros of Q(s) may occur only on the negative 
real axis. 
3» The degree of P(s) is not more than one greater than 
that of Q(s)0 
It will be shown in the next section that these conditions are 
also sufficient,, 
Synthesis Procedure 
Let R(s) be expressed as 
R(s) = k II (s + s.)0 
The zeros 6i R(s) must be chosen to alternate with those of Q(s)» 
The method of choosing the zeros of R(s) is the same as that used in 
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the synthesis of Y in Chapter V. The functions y and y can 
i« 12 22 
be expressed as 
y. ~ 
V12 R ( s ) 
Y 2 2 " R ( s ) 
*" ' L u • 4. _ 1 2 0 , V — H i -
TT = g„0 + k s + ^̂ —— + / — T 
r) J-2 1200 s L S. + S . 
Q ( s ) _ • k 2 2 0 t l . k 2 2 j 
 R (  ~ 9 2 2 K<!2oo5 + s
 + L s + S. 
As was shown for the development for Y in Chapter V, k , k ^, 
^120' an<^ 2̂200 can always be made zero0 It is desirable that these 
terms be zero, since, in general, the realization of these terms requires 
additional negative resistors. The conductance terms can be realized by 
the network of Figure 18. Now, 
-a_ 
9 1 2 
11 
1 
k n Si 
b o 
y 2 2 
11 
1 
k l i s . 
1 
where a and b are defined in (22)., The ratio of q, and g 
0 0 3i2 22 
is independent of the zero locations of R(s)o However the signs of 
g arid g can be changed by changing the sign of k<, As was the 
case for Y _, if R(s) is chosen to have one zero less than Q(s), 
then k must be positive for y to be a ±R,C admittance* If R(s) 
is chosen to have the same number of zeros as Q(s), k may be posi-
tive or negativeo If the first zero of R(s) is to the left of the 
right-most zero of Q(s)^ k is positive.. If the first zero of R(s) 
is to the right of the first zero of Q(s), k is negativeo If R(s) 
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is chosen to have one zero more than Q(s) , k must be negative,, Thus, 
the possibility exists for reducing the number of negative resistors re-
quired to realize the conductance terms by the proper choice of the sign 
of ko 
The poles on the finite real axis can be synthesized by the meth-
ods used for Y „ As was shown for Y12, the possibility of reducing 
the number of required negative resistors by the proper choice of the 









 v i' 
Thus, 
. k a 2 i . ' ^ i V " 
The methods, of choosing the zeros of R(s) such as to reduce the number 
of negative resistors required are then seen to be the same as those of 
Y12o If m < n, and if the synthesis of the conductance terms will al-
low k to be positive, R(s) should be chosen to have one less zero 
than Q(s)o This choice will give y a pole at infinity, but y12 
will not have a pole there,, One pole is saved in y , and fewer cir-
cuits elements are required in the synthesizing network«, If m = n, if 
the synthesis of the conductance terms will allow k to be positive, 
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and if the realization of the resulting pole at infinity does not re-
quire negative resistors, then R(s) should be chosen to have one 
zero less than Q(s). At s = °°, 
where a is given in (22)o If a is negative and less than or equal 
m m 
to one in magnitude, no negative resistor is required for this poleo 
Thus, at most, two negative resistors are required to synthesize 
a given ±R,C voltage transfer function for the open-circuited network. 
A numerical example illustrating the synthesis of the open-circuit 
voltage transfer function is given in Appendix III0 
CHAPTER VII 
SYNTHESIS OF VOLTAGE TRANSFER FUNCTIONS 
FOR DOUBLE-LOADED NETWORKS 
A method of synthesis of the voltage transfer function \/^-± 
for t-hre,. network shown in Figure 20, where Rj, and R2 are specified 
resistance values.,, is to be devised using the synthesis procedures of 
Chapter II„ 
Necessary Conditions for the Double-
Loaded Voltage Transfer Function 
Consider the network of Figure 20, which is redrawn in Figure 21 
For this network, 
E0(s) I9(.sJR0 •2 X J / _ _2_ 
E^s) " " -EJLU) 
T(s) .= —7-7 = -1TTT" := " Yi2(
s'R2 
Or, 
. A _L m 
. an + a-s + °° ° + a s 
•la(s) =-±ns) = ̂ ^^3+.,a + sg (23) 
2 o 1 
The necessary eonditions for t(s) can be obtained from the necessary. 
conditions for y1P° For y to be realizable as a ±R,C admittance, 
and for the resulting network to be stable, the following conditions 
must be satisfied; 
1. T(s) can have poles only on the negative real axiso 
2o The coefficients a , a., 000, a must be realo 
0 1- m 
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30 The degree of the numerator of T(s) is at most one greater 
than the degree of the denominator*, 
Figure 20. The Double-Loaded Network 
Figure 21„ Notation used for the Double-Loaded Network„ 
These necessary conditions will be shown to be sufficient also by the 
synthesis procedures of the following sections«, 
Basic Synthesis Procedures 
The poles of y12 must also be the poles of y1± and y22
0 
Thus, y_ and y_ can be written as 1 li . 22 
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Cn + Cj_S + o p o + C^SJ .p 
( ) _ '° ' ~x~ •" ' y 
Yiiks; bQ + 'b & + '»'„. + s
n 
(24) 
dQ -f d^s-f .y + dpsP 
Y 2 2 ^ " b + b.s' + 0OD + SR 
0 1 
where 
n - l < p < n + l„ 
There are several different methods by which T(s) can be 
synthesized,, A direct method is to assume the residues in the poles of 
y±1/s and y22/
s equal in magnitude to the residues in the respective 
poles of y1p/
Sa Then this set of admittances can be realized by the 
synthesizing networks of Chapter II„ If m < (n + l), only one negative 
resistor is required in this realization« This negative resistor appears 
across the top terminals of the network* If m = (n + l) , then possibly 
two additional negative resistors are required to realize the pole at. 
infinity„ To realize the resistances R and R , resistors of values 
R± and -(-R̂ ) are connected in series in the input circuity and resis-
tors of values R and (-R ) are connected in series in the1 output cir-
•2 2 K 
cuito This synthesis procedure requires three negative resistors if 
y has no pole at infinity, and either three or five negative resistors 
if this pole is present* 
A second method., which is similar to the synthesis method of 
Kuh (12) for RC networks, is to choose y and y such that R 
11 J22 l 
and R are extractable from z11 and z,r,2, respectively,, The func-
tions z1± and z22 are the equivalent open-circuit impedances of the 
admittance functions y11? ylg, and y22° This method is based on 
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the following derivations. If the short-circuit admittances are con-
verted to the equivalent open-circuit impedances, then, considering 
Figure 21, 
M " ., 
z i l ~ I i. := zn + R i 




y 12 j 
Z12 " |y'|" ""' 12 
22 v 
y | =: y y - y2 








.,/ " 11 
y 
22 W 
= z z - z • , 
11 22 12 
(25) 
The functions y(«;> yip' anc* y>>o c a n ^e realised by the synthesizing 
networks of Chapter II. • 
It will be shown that, except for the case that y has a pole 
^rfd 
at infinity, this second method will require.at most three negative re-
sistors, and in some cases only one or two.. If y has a pole at. 
-Lrfd 
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infinity, this method will require at most five negative resistors, and 
in some cases as few as one0 This method is developed in the following 
sections, and the conditions for which this method requires fewer nega-
tive resistors than the first method are presented. In terms of the de-
gree of the numerator of T(s), this method is divided into three caseso 
These cases are: 
1. m < n o 
20 m = n • 
3« m :- n + 1 o 
Case 1 
Consider the admittance functions y , y , and y expressed 
11 12 22 
i n t h e f o l l o w i n g mariner, 
i-i k ^ . s c, + c s + •<"» + c s. 
V 1 3-i + _ i_®_ i n 
y n ZJ. s + " s . 9 n " b + b < s . + ' • ' < " + s n ' " 
1 O 1 
y 712 
' 1 -1 _L _L m 
u k 1 0 . s a„ + a,s + °°° + a s 
" L1 + s ;
 9 i 2 " b„ + b | s +•"••'•••• + i n U b ; 




 dQ + d l S + — + d n S 
Y22 L S + S. 9 2 2 b + b s + o o o + s n 
X 0 1 
in which y , from (23), is known,, The residues in the poles of 
Y11/ s and y p p/s are chosen such that these poles are compact,. Then 
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where 
When z is expressed as 
•11 
c d c n n 
cA + c..s •+••?' ° ° .+ c s 
b' + bV-h ».. + b'sn 
o i -
(28) 
the ratio c /b' will be defined as the extractable resistance of z11( n ' n • 1X 
A similar definition will apply to z as well'. If the extractable 
• • 22 
resistances are removed from z and z in (25), then, as s -» °°, 












rrom (26) and (29) 
:n = L kiii + 9J-i "= R 1 
i = y k . + g = ~ 
n ; L 221 322 R„ 
(30) 
If g and go*, and the residues in the poles of y ^ / s and y c o/s 
are chosen such that (30.) is satisfied, R and R are extractable 
from ztA and z- , respectively., 
11 22 r 
In order that a method can be devised by which the number 
of negative resistors used is less than three, consider y' , y' , 
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anc* Yoo° *n general, 
V' Q k' 
. Y-1 K 1 1 S . Kl 
11 = 1 TTT: + <i+ k V+ 
no 
^12 S , - k120 . \-i J^12^ . , ^120 . x 
^12 
k ' •<? k ' 
/ - V 22 4 / 4 U * 4- 2 2 0 
r ;= > ;—— +. n + k S + ~~ 
22 L s + S. y22 82oo s 1 
Only one negative resistor is required to realize this set of. admit-
tances if the following conditions are satisfied; 
a° • k n i = k22i = 'kl2i' ° 
b„ g' > - g' 5 g' > - g'.. . 
all ~ y12' ^22 ~ s12 
Co S. > 0 •„ ' 
1 
d° k12°° = ^ ° 
do k' _, k' , and k' are all zero. no' i^o' 220 
This is' because the negative resistor across the top terminals of the 
network can be used, if necessary, for both the conductance terms and 
and for the poles for. which" k' is positive,, No negative resistors 
are required for the poles for which k' . is negative,, 
Consider Condition a first» If, in (26), k ^ and k _̂_ are 
made equal in magnitude to ^ i> if g11 and g2 are chosen equal, 




then y' and y' are equal and Condition a is satisfied,, 
111 22 
The value of gj± is then chosen to give a maximum value of 
extractable resistance without violating Condition b0 To find this 
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value of g11, consider y11> Y1Z>
 ancl ^22 at s ;=
 Oo Let. R be 
the maximum value of Retractable resistance, Then, from (26) and (30), 
Vll = g 
s = 0 
- i - Y lk . 




s = 0 
22 
^ 12 
1 -T Ik -R 'L |K121 = g 
Then 
•11 = z 22 
s = 0 
212 
•11 
S = 0 
/ 
212 












S = 0 
Z U « 
5:= o 
q*' - q 
yll J12 
S = 0 
= cJii 
9 n - Rly 
s= 0 
'12 
S = 0 s = 0 








Consider the denominator of .y' > ,.yj0> a
nc} y'00 • From (32) and (34), 
(F |klni|) 
1 - 2R9ll + |y|R ;,2 _ 
2 - g? 
£ kail +9n) 
(36) 
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Since a is zero in (26), 
n 
L k12i ~ " 912 
which requires that 
Elk1 8 i l > | g j . (37) 
Therefore, the denominator in (35) is nonnegative, and Condition b, 
from (35), is 
g - R|y| > - g (38) 
The limiting condition is for (3.8) to-be satisfied with the equal signe 
Using the equal sign, (38) can be written as 
(g n + g12)Ci - R(g n -. g12)] = o'.- (39) 
The value of g equal to (-g.. ) satisfies this equation., Using the 
value of R in (32), the second factor of (39) becomes 
rw v h *2i 9 l2 f A^ 
1 - R^ix - .9 i i> : = ^ - ~ T ~ — ( 4 0 ) 
JJk l2: 
/ I k . - i - l + 911 
which does not give g a second rooto However, it is desirable that 
this factor not be zero. Consider the denominator of (35)» 
1 - 2R9ii + |y|R
2 .= [1 - R(gi;L - 9la)]Cl - R[g u + 9la)]'. Ul) 
The: first factor of (4l) is the same as the second factor of (39)„ If 
this factor is z^ro, i0e», if \ |k12il -is
 eciual to ("9i2)> then y^, 
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y' , and y' will have a pole at the origin, and Condition e will 
not be satisfied. In this instance, a resistance less than the maximum 
value should be extracted from z, and z ,. Then the value of R 
11 22 
in (39) will be smaller than that given in (32), and the value of this 
factor will not be zero. 
Thus, from (39), g_ should be chosen equal to (~910) to 
satisfy Condition b. Then the maximum value of extractable resistance, 
from (32), is 
R =• ——±—— (42) 
I ^ISi1 " 912 
It is seen from (37) that1 R is always nonnegative. This method fails 
for 2|k I equal to g„„, since, for this case, y„„ is equal to 
1 I2i 312 11 
(-y ) for all s, and |y| is identically zero. 
Condition c will be investigated in terms of the sign of 912« 
Consider first that g is negative.. Then g is positive. -,From 
(30), since R is positive, y is positive as s -* °°. Then y. 
has the general shape shown in Figure 22. Now z has the same zeros 
as y11? and z11 is equal to R as s -* «v • Since g±1 is equal to 
^~9i2), |y| in (33) is zero, and z11 has av pole at the origin. There-
fore, z1± and z[1 have the general shapes shown in Figure 22. The 
zeros of z' are also the zeros of yf • Since both z' and z' 
11 l.JL_ 11 1« 
are zero as x -* °°, y^ has a pole at s ~ °°c Thus, yij_ has the 
general shape shown in Figure 22, and Condition e is satisfied. 
If g is zero, y and y have a zero at the origin. 
Then |y| has a second-ordered zero at the origin, causing z11 and 
66 
z12 to have a pole there. Therefore, z.LJ has the same general shape 
as for a negative q » From (35), since g and lyl are both zero, 
. 12 12 
y' has a zero at the origin. Thus, y' has the same shape as for 
n r n 
g negative, except that the first zero of y' occurs at the origin, 
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Figure 220 Immittance Functions for g12 Negative 
If g is positive, g is negative. From (33), since R 
is positive, y is positive as s -* °°, and y has. the shape shown 
in Figure 23. By the same reasoningas for g± negative, z and 
zii n a v e the shapes shown in Figure 23, and 'yl/ has one zero on the 











Figure 23, Immittance Functions for g12 Positive 
a pole to the right of this zero. If g\ is negative, y' cannot 
have a pole between the origin and this zero. From (35), since |y| 
is zero and g is negative, g^ is also negative,, Therefore, 
Condition c is satisfied for all values of g.o0 
J12 
Condition d is always satisfied unless m = (n •=• l) 0 For this 
case, if a value of resistance less than R, of (42) is extracted from 
z±1 and z , z'1± and z'22 will not be zero as s -» °°, and Yy^^Yi^f 
y; cannot have a pole there,, It is seen from Figure 22 and Figure 23 
that Condition c is still satisfied if y ^ is positive as s -» °°. 
As s -* °°, z£2 is zero, and 
68 
<1 1 
*ii = 7*r—rz = 7 " < 4 3 ) 
^11 '12 ^11 
which is positive, 
It is seen from the above discussion that yi±>' ^12' anc* ^22 
will have a pole at the origin only when 2k .I is equal to (-g ) 0 
r 121 12 
This pole can be eliminated by extracting less than the maximum value of 
resistance frtom z and z . Thus, Condition e can always be satis-
11 22 
fiedo 
In conclusion, for Case 1, the synthesis procedure will require 
only one negative resistor if Rj_ and R0 are each less than or equal 
to R, where 
R = Fi, I _ ; I 'kl2il ^ gi2 (44) 
L ' 12i' " 912 
If 2|k .I is equal to g10> the synthesis procedure failsv If 
m = (n - l), or if 2|k12^| is equal to (~91P)» then R and R 
must be less than R. The synthesis procedure will require only two 
negative resistors if either R„ or R satisfies the above conditions, 
3 1 2 
and the other does not* 
Case 2 
The admittance functions for Case 2 are the same as in (26), with 
m - n, Thus, |y| has the same form as in (27) „ It is seen that for 
m = n. 
b' .= c d - a2 o (45) 
n n n n 
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For Case 2, y' , y' , and y' can be expressed as in (31). The re-
quirements for this set of functions to be realizable using only one 
negative resistor are then the same as in Case 1. To satisfy Condition a, 
kiii a n d ^ooi
 are both made equal to |k 1 2j], 9 n and g22 are made 
equal, and equal values of resistance are extracted from z and z M ^ li 22 
The value of g±1 is chosen such that Condition b is satisfied 
with an equal sign. The derivation of q[1, q'12>
 anc* ^22 is seen to 
be the same as in Case 1. With g[1 equal to (-gi2")> it is seen from 
(39) that 
( g i l + g 1 2 ) [ i •• R(g ; L 1 - g 1 2 ) ] = O o (48) 
There are two values of g that satisfy this equationo These values 
are 
9n = " 912 a n d gn = 
a2 n 
L l k 1 2 i l + g 
- y UHO-




The second root is obtained- by substituting (46) and (47) into the 
second factor of (48). As in Case 1, if the second factor of (48) 
is zero, y' , y' , and- y' will have a pole at the origin,, How-
ever, this difficulty can be overcome. The first root of (49) will be 
investigated now. From (46) and (47), 
. B ' w i -9i. , ( 
C'V 1 -^)2'an 
This value of R is nonnegative for thr^e different conditions,. These 
conditibns are: 
• . 1. g < 0 o 
2' 9 1 2>0; I U l a il- 918 > laj. 
3- 9ia > °'> E 'ki2il " 9ia < 6'> |E Iki2 I' " 9iaI • < l'anl ' 
In considering the circumstances for which Condition c is satisfied, 
each of the sets of conditions will be considered separately,, 
For Condition 1, since g10 is negative, g1± is positive,, 
From (47), y 1 1 is positive as s ~* ^f and y ± 1 has the shape shown 
in Figure 24. Since |y| in (34) is zero., z±1 has a pole at the 
origin„ As s -* <», z approaches R, and z 1 1 and. z±1 have the 
shapes shown in Figure 24. Since z'13_ has a zero at s = <», and since 
zi2 does n°t have a zero there, Y.[I 'will have a zero at s = °°o' In 
order that y' shall not have a pole on the positive real axis, it is 
necessary that g ^ be negative, as. shown in Figure 24. From (35), 
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Figure 24. Immittance Functions for Condition 1 
Since g is positive, the inequality 
'l.l 2R (52) 
must be satisfied for g ^ to be negative. If (50) and the second root 
of (49) is substituted into (52), it becomes 
9l2l > 
£ lki8jl - 9i2)
8 - an 
2(E.lki»il " 9 « ) 
(S3) 
If this inequality is satisfied, y^ will not have a pole on the 
positive real axis0 If this inequality is not'satisfied, yA1 can be 
72 
prevented from having a pole on the positive real axis by extracting a 
value of resistance less than R from z l t. To determine this smaller 
value of resistance, consider the sketch of Y11o It is seen from the 
sketch that if y ^ is positive as s'-*00., y[1 will not have a pole 
on the positive real axis. As s -* °°, 
'li 
11 .'2 .- 7<2 
•ii -ri2 
(54) 
Thus, for y ^ to be positive, it "is necessary that z ^ be greater 
in magnitude than' z' at infinity. From (46), 
•ll = z 11 
c; = 00 
c2 - a2 
n n 
- R' (55) 
where Rx is a value less than R, Also, 
•12 = z 12 
e ~:00 
cn " an 
(56) 
For, z'±1 to be greater in magnitude than zj'2 at s ~ °°, 
c2 - a2 
n n 
ja_ . R/ > 
c2 - a8 
n n 




R' < -^ 
.2 _ a2 
n n 
c + a 
n ' n )_, I
ki2il " 9i2+ lan 
(58) 
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It is seen that Ry is always less than R. Therefore, if (53) is 
satisfied, the maximum value of extractable resistance is given by (50)o 
If (53) is not satisfied, the maximum value of extractable resistance is 
given by (58)„ 
If g is zero, y and y have a zero at the origin.. Thus, all ' 7ll J12 a 
ly| has a second-ordered zero at the origin, causing z±± and z±2 to 
have a pole there0 Then z has the same general shape as for a nega-
tive g o From (35), since g ' and |y| are both zero, y' has a 
12 J.» 11 
zero at the origin. If all of the extractable resistance is removed from 
z11 and z22, y^ will have a pole on the positive real axis» There-
fore, to prevent y^ from having this pole, the extractable resistance 
is limited by (58). 
For Condition 2, since q.. is negative and c is positive, 
-11 3 n 
y11 has the shape shown in Figure 25„ From the discussion of Condition 1 
z and z' have the shapes shown in Figure 25, It is seen that yy 
11 11 ; ^ . 'li 
will always have a zero on the positive real axis. In order that there 
be no pole to the right of this zero, it is necessary that y'. approach 
a positive value as s goes to infinity. In other words, from the 
discussion of Condition 1, 
! • 
R' <: = — — — — (59) 
L Iki2i' "" 9is- + I aml 
In order that no pole shall appear between the origin and this zero, 
it is necessary that g' be negative. From (5l), since g11 is nega-
tive, g ^ is also negativeo Thus* the limit on the extractable resist-





Figure 25„ Immittance Functions for Condition 2 
For Condition 3, since both g, and c are negative, y 
ll n 3 ' *n 
has the shape shown in Figure 26, From the discussion of Condition 1, 
z±1 and z±1 have the shapes shown in Figure 26. If g^ is nega-
tive, it is seen that y' will not have a pole on the positive real 
axiso As was shown for Condition 2, a' is always neqative for q 
ll . • 3 3ii 
negative,. Thus, the maximum extractable resistance is given by (50) 0 
Consider now tHe second root given in (49). If this value of 
g11 is used, and if a value of resistance less than the maximum value 
is extracted from z' ^, the second factor of (48) does not go to zero 
and y^ does not have a pole at the origin.. 
It will now be shown that, under certain conditions, the second 
root will allow more resistance to be extracted than the first rooto 
7b 
* - C 7 
>* 0 
Figure 26» Immittance Functions for Condition 3 
However, the number of negative resistors will never be fewer if the 
second root is used. By substituting the second root into (4.6) and (47), 
the extractable resistance 
R 
L Ikl2i + g 12 
9 i i - 9i2 (E Ik12il + 9 1 2 )
S 
(60) 
is obtained. Since 
V k . + q 
L 121 J12 (61) 
R is always nonpositive for g positive,. For g19 negative and 12 
Rg positive, setting R greater than R of (bO) yields the inequality 
£ i^8 - V > a8 • (62) 
Thus, if q is negative and if (62) is satisfied, the extractable 
, 1 2 
resistance is greater when the second root is usedo 
From (62), 
a2 
Dkiail -9i2 > f ~ 7 7 " 7
_ ~ ~ '• (63) 
1 |ki2il + 9ia' 
After substituting this inequality into the second root of (49), it is 
seen that a,, is less than (-g4„). Also., from (60) , for R to be 311 312 a 
positive, 
£|k 1 2 i| +gla)» < a* , (64) 
Or, 
I lki2il
 + 9U < f 77
 31 + •
 (65> 
L lk:LSi' + 918 
After substituting this inequality into the second root of (49), it is 
seen that g.. is greater than 912° Thus, 
?ia < gn < " 9i2 ' (66) 
Then |y| of (34) is negativeo 
If the equality sign is used in (.35), Condition b becomes 
9.11 ~ R i VI - 9 1 2 
(67) 1 - 2Rg : L 1+ | y | R* 1 - :2Rg1 1 + | y | R' 
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From (4l) , the denominator of (6f7) is 
1 - 2Rg1± + |y| R
2 == [l - R(g11 - 912)][l - R(g11 + g12)]/(68) 
Since R is chosen smaller than the value that makes the first factor 
of the right side of (68) zero, this factor-is positive. The second fac-
tor is also positive, since g. is negative and always greater in mag-
nitude than g-..- Thus, the denominator' of (67) is positive.. If (67) 
is multiplied through by its denominator, there results 
9ll + Rfy = -g 12 (69) 
Now R must be smaller than the value that satisfies this equation, 
in order that y.ii will not have a pole at the origin. Then, for the 
second root, the left side of (69) is less than the right side. Since 
the denominator of (67) is positive, g' < - g'_ , Condition b is no 
longer satisfied, and two additional negative resistors are required to 
realize these conductance terms. For this reason, synthesis using the 
second root will never require fewer negative resistors than synthesis 
using the first root. 
It is seen that for Condition's 1, 2, and 3, k 2̂00 ^
s ̂ ero, 
and Condition d of Case 1 is satisfied. It is also seen that y' , 
y' and y' never have a pole at the origin, and Condition e is 
satisfied. 
In conclusion, for Case 2, if both R and R are less than 
the values of extractable resistance given for the various conditions, 
only one negative resistor is required in the synthesizing network. 
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If only one of the resistances is less, two negative resistors are re-
quired in the synthesizing -network. A numerical example illustrating 
this case is given in Appendix III. 
Case 3 
For this case, since yH. has a pole at infinity, y.. and y__ 
l/c! 1 1 22 
must also have a pole there. The functions y' » y7 , and y' are 
of the form given in (3l). In order that only one negative resistor is 
required in the realization of these functions, the five conditions given 
in Case 1 must be satisfied. 
To satisfy Condition a, k and k are both made equal to 
111 221 : 
|k .| in all polesJ 9./ and g are made equal, and equal values 
12i 11 "22 
of r e s i s t a n c e are e x t r a c t e d from z arid z . Since k and k 
11 22 H i 22i 
are both equal to Ik .I in all poles, v , y , and y can be 
M ' 12i y ' "ll' '12' 722 
expressed as 
.n+l 
V l l = V22
 = KaJ8 + 9n+L 
. | k 1 8 i | s cQ + c l S + . . . + c n + 1 s ' 
S + ' S . U - L U _ L . n 
l b + b s + O0O + s 
(70) 
^ V k ^ i S ao H" a i s f " + a n + i s n + 1 
yia = ki2cos + 9i.2+ L 7 T T = " 7 7 + 4 n 
i bQ + b1s + °•
a + s 
As in Cases 1 and 2, g ^ is chosen to obtain maximum extractable re-
sistance with Condition b satisfied. This value of g will now be 
found. Since the numerator of |y| is of degree (n + l) and the de-
nominator is of degree n, the numerator aind the denominator of z1± 
are both of degree (n + l). Therefore, the value of resistance 
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extractable from z . . and z i s the ra t io of c ,± and the coeffi-
cient of the highest ordered term in the numerator of • | y | . From (7Q), 
t h i s coefficient, cal l i t b'^. , i s seen to be 
b ' n+ i = 2 9 n l k i 2 J " ?9ia
kiaeo + 2 E W l k w J " ki2co) (71) 
+ 2 ZJ k12b(lkl2«)' " k12~) 
where 
V kl2is V kl2as V kl2bs . • .- , . 
LTTT: = L — T7T " ^ 7 T 7 7 ' ki2a > °>
 ki2b > °- <
72) 1 1 1 
The value of the extractable res is tance i s then 
R = (73) 
•12oo' 
2 9 1 1 K i J " 2 9 1 2
k l 2 c o
+ 2 I k 1 2 a
( | k l J - k 1 2co)
 + 2 Z W k l J + K l 8 J 
For Condition b to be satisfied with an equal sign, from (39), 
(g + g )[i - 'R(g - g )1 = o . (74) 
•yll y 1 2 y l l y 1 2 ^ 
By solving (73) and (74) simultaneously for g. , two roots are obtained. 
These roots are 
g = - g 
• 1 1 3 1 2 
and (75) 
) 
9 1 1 = 7 i" ^ 9 1 2 ( 2 k 1 2 ~ " lk12oc»l) " 2 / j k 1 2 a ^ k 1 2 o o l " k l 2 c o ) 
k12ool 
" 2 y k , o K ( | k , 0 I + k i o ) ] 
/_, 1 2 b ' 12001 12oo /" J 
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As in Cases 1 and 2, the second root will cause ŷ  , y' • , and y' 
to have a pole at the origin. This problem can be averted. However, 
the second root will never require fewer negative resistors than the 
first. Synthesis using the second root will.be investigated after the 
consideration of the first root. When the first root is used, the maxi-
mum value of the extractable resistance is3 from (73), 
k 
|K12ool , x 
R =. ; : _ — -" ; .(76) 
2( I kH + k- n )() k oK - a J + 2 ) kio- ( k i o - k i o ) 
1 12°° ' 12°o /_, 1 2 b 3 1 2 Z_i 1 2 a ' 12oo' 12oo' 
The resistance R is seen to be positive for two different conditions» 
These conditions are 
1 o g < 0 . 
12 
2o g12 > 0; and either 2 k1Jga > g1Jg, or k12oo < 0, or both. 
The circumstances under which Condition c is satisfied will be investi-
gated in terms of these two conditions. 
For Condition 1, g11 is positive. Since y11 has a pole at 
infinity, y has the shape shown in Figure 27. Since |y| of (34) 
is zero, z± has a pole at the origin, and has the shape shown in 
Figure 27. Since z1. is not zero as s -* oo, y is zero. In order 
that y' will have no poles on the positive real axis, g'1± must be 
negative. From (5l), 
R > 7~- = "I—-7 (77) 
2 9 n 2|gla|-
If this inequality is not satisfied, sqbtracting less resistance from 
z„ will not make y' positive at s= co, as in Case 2. At s :- <», 




Figure 27„ Immittance Functions for gi0 Negative 
z is equal to z . Therefore, unless (77) is satisfied, y' will 
have one pole on the positive real axis.. This pole may be acceptable, 
since this pole will require only one or tv/o additional negative resis-
torso 
If g is zero, y and y have a zero at the origin, and 
1<3 1 1 . l*d 
y has a second-ordered zero at the origin, causing z,„ and z„ to 
. "• ' , 1 1 1 2 
have a pole there. Thus, z1± has the same general shape as for a nega-
tive g . From (35), since g and lyl are both zero, y' ,has a 
12 11 11 
zero at the origin, and, therefore, will always have a pole on the posi-
tive real axis. Once again, this pole may be acceptable. 
For Condition 2, since g is negative, y has the shape 
shown in Figure 28. By the discussion of Condition 1, z11? ^d? and 
82 
Figure 28. Immittance Functions for g Positive 
* *12 
^11 ^ a v e "the shapes shown in Figure 28. It is seen that ŷ  will 
have one pole on the positive real axis. Since, from (5l), g' is 
negative, y' will have only one pole on the positive real axis. 
This pole may be acceptable, for the reasons given in the discussion of 
Condition 1. 
Consider the second root for g , given in (75). When this root 
H 




2(9i2 + Z k i a a ) (ki2co " I k1200l) - 2 ]] k 1 2 b ( | k 1 2 J + k12co) 
(78) 
By substituting R given by (76) into the inequality R > R, the fol-
a 
lowing inequality is obtained. 
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I w ' k i J - k uJ + 1 w |ki*J + ktJ > k i2»
9« • C79) 
Consider four different cases in terms of k„„ and g 
12oo 
12 
kl2oo < 0. 912 > 0 
b. u *12°o > o, 9 l 2 < 0 . 
^ l 2 o o > o, 9 l 2 > Oo 
k. 
1200 
< o, 9 l 2 < 0 . 
For the first three cases, R, is negative0 Thus, only the fourth 
a 
case need be considered. For Case d, R is positive if |g12l is 
greater than 2 k.0_. Equation (79) is satisfied if 2 Z k1Q is 
1 2 3 l<ja 
greater than |g |„ Thus, for R to be positive and greater than R, 
|g ' 
f~ < I k 1 2 a < l9l2l>
 kl2» < ' 0 . 9 l a < 0 . (80) 
With k n e g a t i v e , the second root in (75) becomes 
12°° 
g = 3Ig | - 4 ) k . (8 l ) 
y n .L21 L 12a 
It is seen from (80) and (8l) that 
' I9 U I ' < 9lt < l9lal- (82) 
As in Case 2, the second root causes |y| of (.34) to be negative. For 
the same reasons given in Case 2, the denominator of (67;) is positive„ 
Thus, by. the discussion of Case 2, additional negative resistors are re-
quired to realize the .conductance terms of y' , y' , and Y22° For 
this reason, the second root will never require fewer negative resistors 
than the first, 
84 
It is seen that for Conditions 1 and 2, k' is always zero, 
and Condition d of Case 1 is satisfied. It is also seen that y , 
y' , and y' never have a pole at the origin, and Condition e is 
satisfiedc 
Thus, in many cases, y' will have a pole on the real positive 
axis.. However, this pole may be acceptable, since synthesis by the 
direct method will always require at least three negative resistors, 
and, if k± is positive, the direct method will require five re-
sistors. 
r 




INTERNAL NEGATIVE RESISTOR REQUIREMENTS 
FOR VARIOUS POLES 
For poles.not on the finite negative real axis, internal nega-
tive resistors are required in the synthesizing networks given in 
Chapter II.„ It will be shown here that internal negative resistors 
are necessary for these poles. 
Consider Figure 29« Let y11> ylri> and y be the admittance 
functions of the total network. If all negative resistors are to be in 
the desirable locations, y7 ., y' , and y' must be RC admittance 
1 IV J 12 722 
" G . 




^1.1 ' y i 2 ' 
YL 
r> 
"Gi< > -G S 
o -o 
Figure 29o Desirable Locations for Negative Resistors 
functionso Now, 
ii ill - ^Gl + GS> 
12 '4 + G3 
'22 '22 " (°2 + G3) 
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Or, 
yJi zz Vn + Gi + G; 
y' = y - G 
112 12 3 
y' = y + G ••+ G 22 22 2 I 
If the overall network is to realize a pole at infinity, then 
' Yii := k l l s "h G:>X + G3 
y' == k s ~ G 
112 12 3 
y' = k s +.G + G. 122 22 2 i 
This set of admittance functions is not realizable as an RC network 
unless the pole itself is -realizable as an RC network. Thus, in general, 
internal negative resistors are required for the pole at infinity.. 
If the overall network is to realize a pole at the origin, then 
yJi » -a 
s 







This set of admittance functions cannot be realized by an RC network. 
88 
If the overall network is to rea l ize a pole on the posi t ive real 
.axis, then 
k H s (kn + G i + G 3 ) s 4- (Gt 4- 0 3 ) 5 ! 
y!i = TTT; + G i + G 3 >= — — s. + S i 
/ - k i 2 S = ( k 1 2 - G 8 ) s - G3S-L 
Y12 ~~ S 4- sL " 3 S + S 1 
k s ( k 2 2 4- G2 + G 3 ) s + (G2 4- G s ) S l 
y * ~ . — + G + G _ _ - _ _ - . 
22 S 4- s 2 3 s + S± 
Since sJL i s negative, th i s set of admittance functions cannot be real ' 




COMBINATIONS OF POLES NOT LEADING TO A REDUCTION IN 
THE NUMBER OF REQUIRED NEGATIVE RESISTORS 
Let the admittance functions of the 'two internal poles be expressed 
=
 k n a s , k n b s = ^ n a
 + k n b } + s t k n a s b + k n b s a ) 
y n s '+ s s + s, . ŝ " + s(s + s ) + s s 
a • b a b a b 
k i 2a s i ci2b s s 3 ^ k i2a + ki2b) + s ^ k i 2a s b + ki2bsa^ 
,12 s + s s + s b s
2 + s ( s a + sb) + s a s b 
k22as k22bs _ s2(kg8a + k8ab) + s.(k22asb + k22bsa) 
7 2 2 s + sa \"s + sb - " s2 + s(sa + sb) + sasb 
Consider first the case of s > 0, s, > 0, k10 . > 0, and 
a D -L̂a 
k p b > 0. The coefficient of the capacitive term in the equivalent 
z12 is negative [see (?), Chapter III], and this pair of poles is not 
realizable by the method of Chapter III. 
Consider next the case of s ••'< 0, s, > 0, k-10_ < 0, and 
a b 12a 
kisb ^ ^° ^ e coefficient of the capacitive term in the equivalent 
zi2 is negative, and this pair of poles is not realizable by the 
method of Chapter III• 
Consider next the case for s < 0, s, < 0, kH0^ < 0, and 
a b 12a 
k b < 0. The coefficient of the capacitive term in the equivalent 
zlg is negative, and this pair of poles is not realizable by the 
method of Chapter III. 
9G 
Consider the combination of a pole at the origin and a pole on 
the finite real axis» 
11 -
k n a kilbs 
S S +' Si 
k H, s
2 '+ k\ H s + k„ , su lib lia na b 
s(s + sh} 
12 
22 
k k' oUs 
S S + Si 
k22a k22bs 
+ 
s +. sb 
k , s2 + k s + k-- s, 
12b . 12a 12a b 
s(s•+ sfa) 
^:22bs + k22as + k22asb 




y| i iwt .^^ 
12 
y-12 - 1 (\ 
- " 7 7 - " k (ki2i 
s + k«:„ + 
ki2asb, 
k Vi^.2b° "12a s 
*22 
y. ill - In 
77 -. k (ki ,s + k< «„ + 
kna sb 
 Vi" ib̂ ' ' "na ) • 
is necessary that klla = k22a „12a 
For this set of impedances to be realizable with the poles compact, it 
k c_. In general, this will not be 
true. Also, no method is known for realizing the pole at infinity un-
less the same type of relationship is true for pole be Thus, there is 
no advantage in this combination,. 
It is apparent that like conditions exist for the combination 
of a pole at infinity with a finite pole, or for the combination of a 
pole at infinity with a pole at the origin. The basic synthesis tech-
nique itself is a combination of conductance terms with the various 




Chapter III, Case A 
Consider the short-circuit admittance functions 
1.00s , ̂ s _ 
Vil ~ s +i "*" s + 2 
= "lOs -2S 
Yl2 s + 1 s + 2 
„ ._s , 4s 
Y22 s +1 s + 2 
the synthesis of these functions by the direct application of the meth-
ods of Chapter II requires two negative resistors. Equations (-9) of 
Chapter III are not satisfied, but substitution into (lO) yields 
2 -s -> ;L 
— y v >> 
9 - - 90 
I S" N 1-
9 - r -- 180 






+ —-—- + s + 1 > s + 2 s + 1 
22 
9 S + __4s__ + 9
 s 
s + 1 s + 2 s +. 1 
Transformation of the first two poles of these functions to the equiva-



























I ohms, farads 
• ( b ) 
-o 
Figure 30* . Networks for Example of Case A, Chapter III 
network for the remainder of the pole at s = (-l) is given in Figure 
30b. The network for the total admittance functions is thus the paral-
lel connection of these two networks, and only one negative resistor is 
required* 
Chapter IV, Case C 
Consider the short-circuit admittance functions 
- 6s*3 + 9s - 2 „ _2S_ , -4s . 
Yii s2 - 3s + 2 s - I s - 2 
- 2s „ _:2s__ , -2s 
Y12 S2 - 3s + 2 " .S - T S - 2 
- 6s2 + 12s - 2 ,24s -s ; 
Y22 s2 - 3s :'+ 2 " s - T s - 2 " 
If G = 2, and G = 3, then 
w Li 
|
 GLVii + yiiYaa- Via 12s2 + 15s + 4 
S + Y22 + GL " -3s
2 + 3s'+ 4 
All of the zeros of this admittance fall on the negative real axis, 
and the resulting network is stable. 
Chapter IV, Case D 




s2'+ s - 2 
Ĵ s_ -2s 
s - 1 s +' 2 
22 
2$2 - 7s + 2 
s2 + s - 2 " s - 1 " s + 2 
L + " ^ - 1 
If G L = 2 , 
z22 + G^ 
n 
Yli y22 ^~7r 
'12 
•i 
12s + 3 
12s - 6 * 
All of the zeros of this impedance fall on the negative real axis, and 
the resulting network is stable. 
Chapter IV, Case E 
Consider the short-circuit admittance functions 
-4s-*3 + 3s + 2 
y n s2 - 3s '+ 2 
-c; - 4s 
- 1 s - 2 L 
-4s 2s + ^ yl2 "~ .~s*'- - 3s + 2 s - 1 ' s - 2 
'22 
- 4s2 + 6s + 2 -4s , -s , 




yiiVas ~ yi2 
22 
16s2 + 12s + 2 
- 4s2 + 6s + 2 
All of the zeros of this admittance fall on the negative real axis, and 




. p(s) - (s2 - 2s + 1) - (s - 1) 
Y 
!2 q(s) s
2 + 8s • + 15 (s + 3)(s + 5) 




k n s. k n s. 
b0 - k H
 si 15 - k II si 
k n s± k n S l -
In the region (-3) < s < (-5), p(s)/q(s) is positive. Thus, a 
negative resistor is required across the top terminals of the network„ 
Since a = (-l), and since k can be chosen positive, qc(s) can be m <J 
chosen to have only one zero. If s. is chosen as 4, and k as 
7/2, no negative resistor is required for the conductance terms, and 
only one negative resistor is required for the total network. Thus, 
q2(s) = (7/2)(s + 4) and 
o £5 
p(s) - (s2 - 2s + 1) 2 •- 1 i 14
s 
Y i 2 " q2(s^
 =" | ( s + 4) " " " ̂  " & s + 4 
q(s) - q2(s) s
2 + (9/2)s+l 2 x ^ s 
y. _ i "' • • N ,' — ~ —-Z — .= -S + 77 + " 
2 2 q2(s) |(s + 4) ?
 1 4 s + 4 
The network for the pole at infinity is a capacitor of 2/7 farad 
across the top terminals of the network, and the network for the 
96 
conductance terms i s a r e s i s t a n c e of 14 ohms across the top t e rmina l s 
of t he network* The network for the pole at s = (-4) i s shown in 




























F igure 3 1 . Netwprks for Example of Chapter V 
Chapter VI 
The funct ion 
E ^ s ) 
(s - 1) (s - 1) 
+ 6s + 5 (s + l ) ( s + 5) 
i s to be syn thes i zed . Now, 
k l 2 g 
-a . 
k f l s . k JJ s. 
-UJ. 1 -L_l - 1 
22g k i i s. k n 8i 
Now, k can be chosen positive; thus,, R(s) should have only one z 
and this zero must occur between (-l) < s < (-5). In this region, 
P(S)/Q(S) is negative, and at s = (-2), the magnitude is equal t 
one. Letting k = 1, -R(s)'= (S + 2), and 
12 
-(s - 1) 
s + 2 
3 
2 s + 2 
22 
s2 +. 6s-+ 5. 
3 
., 5 4. 2 S 
8 + 2 + s~T5 








Figure 32. Network for Example of Chapter VI. 
The function 
Chapter VII, Case 2 
E3(s) _ ^ ( s
2 - s) 
E'i('s) ~ s 2 + 3s + 2 
is to be synthesized, with R = R =-(l/8-) ohm. From (2.3) 
-s*3 +•" s 2s -3s 
Y i o - r.2 _L O^ 4- O ~ 7 4- 1 + 12 s*5 + 3s + 2 s + 1 s + 2 
Since (53) is not satisfied, the maximum value of resistance is given 
by (58), From (58), R7 < (l/6) ohm. Therefore, only one negative 
resistor is ..required. Now, g = (~912) ~
: 0, and 
2s 3s 5s^ + 7s 
Yn = Yoo =. —Tt + n '22 s + 1' • s + 2 sd + 3s + 2 
Thus, 
y- 5s + 7 1 . 2s + 7 
z. . = z 
11 
'11 22 y ^ _ y2 24s 8 24s 
" y.12 S - 1 
12 12 y2 - y2 24s 
yll . . y12 
= -.+ — = R. + z' 
Therefore, 
,, / y ' 
122 
*Il s ( l 6 s + 56) 4s 12s — , ,„ 1 
y l l - z ' 2 
11 
z / 2 
12 
s 2 + 10s + 1 6 s + 2 2 + 8 
w ' , = 
z1.2 
= 
- 8 s ( s - l) -4s 12s 
V 12 z / 2 - z / 2 
11 12 
. - ._ + 
s 2 + 10s + 1 6 s + 2 s + 8 , 
The network for the pole at s = (-2) is shown in Figure 33a, the 
network for the pole at s = (-8) is shown in Figure 33b, and the 
total network is shown in Figure 33c. 
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